We consider the nonlinear singular differential equation
INTRODUCTION
This paper deals with the existence of nontrivial nonnegative solutions of the nonlinear differential equation E 1 A Au − µu = −σf · u on 0 ω ω ∈ 0 ∞ where µ and σ are two positive Radon measures on 0 ω not charging points, A is a continuous function on 0 ω , strictly positive on 0 ω (A 0 can be equal to 0), and f is a measurable function on 0 ω × 0 ∞ which is continuous with respect to the second variable and dominated by a regular function.
In [4] , Zhao considers the problem * u + f · u = 0
where f is a measurable function on 0 ∞ × 0 ∞ dominated by a convex positive function. Under these conditions, Zhao establishes the existence of infinitely many solutions of * . The aim of this work is to generalize this result to the equation (E). In particular, we prove that the multiple-solutions result of Zhao can be applied to a wider class of nonlinear differential equations. Our result can be applied as well to singular differential equations.
We also note that similar differential equations have been studied with different boundary conditions by different authors (see [1] [2] [3] ).
The paper is organized as follows. Section 2 presents some preliminary information. In Section 3, under some hypotheses on A and by the fixed-point theory, we prove the existence of infinitely many solutions of (E). Precisely, there exists a real b > 0 such that, for all c ∈ 0 b , there is a positive solution u of (E), continuous on 0 ω , such that lim t→ω u t /ϕ t = c, where ϕ is the unique solution of the homogeneous equation 1/A Au − µu = 0 satisfying ϕ 0 = 1, ϕ 0 = 0.
In Section 4, we are interested in the existence of positive solutions of (E) satisfying u 0 = 0. We suppose that 1/A is integrable in a neighborhood of 0. Then, by the results of Section 3, we prove the existence of an infinite number of continuous solutions on 0 ω , strictly positive on 0 ω with u 0 = 0.
NOTATION AND HYPOTHESES
We first present the notation and hypotheses on which our results depend. Let ω be a number which belongs to 0 ∞ and let µ and σ be two nonnegative Radon measures on 0 ω not charging points (i.e., µ a = σ a = 0 for each a ∈ 0 ω ). Then we define the differential operator
where A is a function on 0 ω satisfying
Note that A 0 can be equal to 0.
Furthermore, we consider a measurable function f on 0 ω × 0 ∞ satisfying the hypotheses 2 f is continuous in order to the second variable.
3
For each x y ∈ 0 ω × 0 ∞ we have
where h is a nonnegative Borel-measurable function on 0 ω × 0 ∞ such that the function y → h x y is nondecreasing in 0 ∞ and lim y→0 + h x y = 0.
EXISTENCE OF POSITIVE SOLUTIONS OF THE NONLINEAR DIFFERENTIAL EQUATION
First, we show the existence of positive solutions of Lu = 0 with the conditions u 0 = 1 and u 0 = 0. As to this, we need a supplementary hypothesis on A, that is, 4 lim (ii) ϕ is nondecreasing on 0 ω .
Proof. To prove this result, we employ a contraction mapping argument. Let
A r dµ r for t ∈ 0 ω and g 0 = 0
Then g is a continuous positive function on 0 ω . For each a ∈ 0 ω , we consider the set
Then we define the operator T on a by
It is obvious that all solutions ϕ of Lu = 0, such that ϕ 0 = 1, ϕ 0 = 0, and ϕ ∈ C 1 0 ω , are fixed points of T . First, we prove the existence of a fixed point of T . Note that T is a mapping from a unto itself. Let K denote the operator T − 1. Then, for each n ≥ 1,
It follows that
But it is obvious that, for each n ≥ 1, K n 1 a ≤ K1 a n /n !. Hence, for n large enough, T n is a strict contraction. Thus T n has a fixed point on a which is also a fixed point of T on a .
Now we turn to the uniqueness of a fixed point of T . Let u v be two fixed points of T . Then
It follows that u = v if n tends to ∞. Therefore, there exists a unique function ϕ defined on 0 ω such that, for each t ∈ 0 ω ,
A r ϕ r µ dr ds
Thus ϕ is the unique solution of the equation 1/A Au − µu = 0, which is in C 1 0 ω , is nondecreasing, and satisfies ϕ 0 = 1. Moreover, by (4), ϕ 0 = 0. In addition, for each t ∈ 0 ω , we have
This completes the proof of Proposition 1. Example 1. Let α ≥ 0 and let B be a strictly positive, continuous function on 0 ω . Then A t = t α B t satisfies the hypotheses of Proposition 1, and by the last result, for any function q locally integrable on 0 ω , the equation 1/A Au − qu = 0 has a unique solution ϕ ∈ C 1 0 ω satisfying ϕ 0 = 1 and ϕ 0 = 0. In particular, if A t = t 2α+1 , α > −1/2, and q t = λ ≥ 0, for t ∈ 0 ∞ , then the function ϕ is given by
where J α is the Bessel function of the first kind of index α. If A t = t 2 , then
Example 2. Let α ∈ IR and let C be a strictly positive, continuous function on 0 ω . Then A t = t α e −1/t C t satisfies the hypotheses of Proposition 1, and for any function q locally integrable on 0 ω , the equation 1/A Au − qu = 0 has a unique solution ϕ ∈ C 1 0 ω satisfying ϕ 0 = 1 and ϕ 0 = 0. Now, we will establish the existence result for the nonlinear equation (E). So, we suppose that β and c ∈ 0 b . To apply a fixed-point argument, set
Then Y is a convex closed subset of C 0 ω . We define the operator T on Y by
We will prove that Y and T satisfy the hypotheses of Schauder's fixedpoint theorem. First, we will prove that T is a mapping from Y to itself. For all t ∈ 0 ω , we put u t = ϕ t v 0 t . Therefore,
It is obvious that u is a solution of the differential equation (E) (in the distributional sense), strictly positive and continuous on 0 ω such that lim t→ω u t /ϕ t = c. This completes the proof of Theorem 1. 
A t Au t = −u t h t · u t
has an infinite number of strictly positive continuous solutions.
Example 4. Let A t = t 2 for t ∈ 0 ∞ and let K be a measurable function on 0 ∞ . Put f x y = K x · y p+1 and µ dx = λ dx, where p and λ belong to 0 ∞ . Then (1)-(5) are obviously satisfied and the condition (6) is equivalent to
Then, by Theorem 1, there exists a number b > 0 such that, for each c ∈ 0 b , the differential equation
has a continuous solution u, strictly positive on 0 ∞ with lim t→∞ t · u t / sh √ λ · t = c. Remark 2. Using the same method as in the proof of Theorem 1, we obtain a more general result for a system of two or more equations. In fact, let A 1 and A 2 be two continuous functions on 0 ω , infinitely differentiable and strictly positive on 0 ω , and let µ 1 and µ 2 be two nonnegative Radon measures on 0 ω not charging points such that lim 
where f i is a measurable function on 0 ω × 0 ∞ 2 , continuous with respect to the second and third variables such that f i x y 1 y 2 ≤ y i · h i x y 1 y 2 for all x ∈ 0 ω and y 1 y 2 ∈ 0 ∞ and h i is a measurable, nonnegative function on 0 ω × 0 ∞ 2 , nondecreasing with respect to the second and third variables and satisfying 
EXISTENCE OF POSITIVE SOLUTIONS OF THE NONLINEAR DIFFERENTIAL EQUATION
In this section, we suppose that 7 1 A is integrable in a neighborhood of 0.
We define the function
As in Section 3, in order to prove the existence theorem, we shall start with the homogeneous case; i.e., we take σ ≡ 0. Once this is done, we are able to construct the Green's function for our problem.
In view of the above hypotheses on A and by Proposition 1, we prove the following result: Proposition 2. Suppose that (1) and (7) (ii) γ is nondecreasing on 0 ω .
has a unique solution ϕ ∈ C 1 0 ω satisfying, for all t ∈ 0 ω , 1 ≤ ϕ t ≤ exp Observe that 1 Aγ
which is an integrable function in a neighborhood of ω, so µ H is well defined. In addition, it is easy to verify that, for all t s ∈ 0 ω , 
has a solution u satisfying the following properties:
(iii) lim t→ω u t /γ t = c.
Proof. Consider the nonlinear differential equation
where B x = A x ρ 2 x and g x y = f x ρ x y /ρ x for x y ∈ 0 ω × 0 ∞ . We will prove that B and g satisfy the hypotheses of Theorem 1. Observe that 
has a solution u ∈ C 0 ∞ which satisfies lim t→∞ t λ−1 u t = c.
Example 6. Let α > 0 and let k be a measurable function on 0 ∞ . We consider
Then the unique solution γ defined in Proposition 2 is given by
We observe that there exist c 1 c 2 > 0 such that
which shows that Then the existence result obtained in Theorem 3 can be generalized to a system of equations. For simplicity, we consider only a system of two equations. So using the same arguments as in Theorem 3, the next result follows from Theorem 2. 
